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1. INTRODUCTION
Abelian subgroups, particularly ‘‘large’’ abelian subgroups of p-groups,
have played an important role in finite group theory. Let p be a prime and
let P be a finite p-group. Suppose A is an elementary abelian subgroup of
some order pn in P. We ask whether P has a normal elementary abelian
subgroup of order pn. In general, the answer is no, for example, if n 2
and P is the dihedral group of order 16. More generally, Alperin has
 constructed a counterexample for each prime p Hup, p. 349 . However,
there are situations in which the answer must be yes, e.g., AG, Theorems
A and 5.8 if p is odd and p 4n 7, if P has nilpotence class at most p,
Ž p .or if p 3 and P has exponent p x  1 for every x P .
Since Alperin’s counterexamples have exponent greater than p, this
leaves the question open if p	 5 and P has exponent p. The purpose of
this paper is to give counterexamples in these cases.
Ž .As usual, define the rank m A of a finite abelian group to be the
Ž .minimal number of generators of A, and the rank r P of a finite p-group
P to be the maximum of the ranks of the abelian subgroups of P. We
prove:
THEOREM A. Suppose p	 5. Then there exists a finite p-group P of
Ž .exponent p that has no normal abelian subgroup of rank r P .
We give a series of examples. As in Alperin’s cases, each group P is
constructed as a semi-direct product of a group R of nilpotence class 2 by
a cyclic group generated by an automorphism  of order p. The group R
is constructed first as a Lie algebra, then regarded as a group by a
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technique of Baer and Lazard. This allows us to obtain  from the
exponential of a nilpotent linear transformation  of the Lie algebra.
For this construction it is fairly easy to find conditions on  for P to
Ž .have exponent p Proposition 4.3 . However, these conditions require
rather complicated calculations for checking examples. A significant part
Žof our work consists of translating them into conditions on  Theorem
. Ž .4.7 . This enables us to give a general construction Corollary 5.2 for
groups of exponent p of this type.
Actually, R is constructed by taking a ‘‘relatively free’’ p-group of class 2
and factoring out the elements corresponding to pth powers in a semi-di-
rect product and commutators of certain generators. As a result, P has
exponent p and a large non-normal abelian subgroup. The choice of the
Žcommutators is somewhat tricky in our first family of examples Remark
.after Proposition 6.2 and fails for p 5 or 7. Therefore, we need a more
Ž .complicated family of examples to include the latter primes Example 7.1 .
All groups in this paper are finite, except some of those appearing as
additive groups of Lie algebras. Our notation is generally standard. How-
ever, to avoid confusion with Lie algebras, we denote commutators in a
group by parentheses rather than brackets:
x , y  x1 y1 xy for elements x , y ,Ž .
² :H , K  x , y : xH , y K for subgroups H , K .Ž . Ž .
We thank the National Security Agency for its support during the
preparation of this paper.
2. AUTOMORPHISMS OF LIE ALGEBRAS
Throughout this section, F is a field of some characteristic p and L is a
Lie algebra over F.
 We first repeat some material from AG . Consider L merely as a vector
space over F. Suppose  is a linear transformation of L over F. Then  is
unipotent if
n
 1  0Ž .
for some positive integer n. In this case  is invertible because
11  1
  1Ž .Ž .
2 n1 n1 1  1 
  1  
 1  1 .Ž . Ž . Ž . Ž .
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Moreover if
either i p 0 or ii p 0 and p	 n ,Ž . Ž .
in1  1Ž . 2.1Ž .i
1we define Log  1 .Ž .Ý ii1
Ž .nClearly, Log  is nilpotent; in fact, Log   0.
Similarly, suppose  is a nilpotent linear transformation of L over F
n Ž .and   0. If 2.1 is satisfied, we define
n1 i
Exp  .Ý i!i0
Ž .n  Then Exp  1  0 and Exp  is unipotent. In AG, pp. 537538 , we
Ž .show that for n satisfying 2.1 and p 0,
Exp Log z  z and Log Exp    . 2.2Ž . Ž . Ž .
Ž .This result is well known for p 0 .
k!kŽ .As usual, we denote by the binomial coefficient for integers iŽ .i! k i !i
and k such that 0 i k.
Our main result in this section describes when a unipotent linear
transformation of L is an automorphism of L:
PROPOSITION 2.1. Suppose  is a linear transformation of L oer F, n is a
positie integer,
n
 1  0,Ž .
Ž .and 2.1 is satisfied. Let  Log  .
Then  is an automorphism of L if and only if the following conditions are
satisfied for eery u,   L:
Ž .if p 0 for k 1, 2, . . . , 2n 2,
k
kk i ki  u ,    u ,   ; 2.2aŽ . Ž . Ž .Ý ž /i
i0
Ž .if p 0 for k 1, 2, . . . , p 1,
i p1
kip1k  u ,  Ž . Ž .kk i ki  u ,    u ,   
 k! .Ž . Ž .Ý Ýž /i i! p 1
 k i !Ž .i0 ik
2.2bŽ .
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  Ž .Remark. To prove in AG e.g., Theorem 3.3 that certain large abelian
subgroups are normal, one assumes conditions like
i j u ,    0 whenever i
 j	 p.Ž . Ž .
Therefore we must violate such conditions to produce counterexamples.
Ž Ž .For instance, in 6.13 in Proposition 6.2,
r2 r 1 u , u   u ,  u andŽ . Ž .r2 r 0 0
r 2 
 r 2 r 2 p
 5 .Ž . .
 iŽ . p1
kiŽ . Ž .Thus the annoying terms  u ,   in 2.2b are necessary.
Proof. Here,
 n  0 and  Exp  . 2.3Ž .
The condition for  to be an automorphism of L is that, for all u,   L,
  u ,     u , Ž . Ž .
or, equivalently, for every positive integer r,
r r r   u ,     u ,  . AŽ . Ž . Ž .
Ž .From 2.3 , this condition is equivalent to
k k i i j jn1 n1 n1 r  u ,  r  u r  Ž . Ž .
r    u ,   , . BŽ .Ý Ý Ýk! i! j!k0 i0 j0
Assume first that p char F 0. Take u,   V. Since  n  0 we can
Ž .rewrite B as
k k k k i i j j2n2 n1     r  u ,  r  u ,  r  u r  Ž . Ž .
  ,Ý Ý Ý Ýk! k! i! j!k0 k0 i0 j0
i ki k  u ,  Ž . Ž .
k rÝ Ý i! k i !Ž .k0 i0
i ki2n2 k  u ,  Ž . Ž .
k r .Ý Ý i! k i !Ž .k0 i0
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k  Note that the coefficient of r for k 0 is the same, namely, u,  on
Ž .both sides. Thus, A is equivalent to
k i ki2n2 k  u ,   u ,  Ž . Ž .
kr   0. CŽ .Ý Ý½ 5k! i! k i !Ž .k1 i0
Ž .Let M m be the Vandermonde matrix of degree 2n 2 given byi j
i Ž .m  j for i, j 1, 2, . . . , 2n 2. Let y be the row matrix y , . . . , yi j 1 2 n2
given by
k i kik  u ,   u ,  Ž . Ž .
y   Ýk k! i! k i !Ž .i0
k1 kk i k1   u ,    u ,   .Ž . Ž .Ý ž /½ 5ik! i0
Ž .Then C is valid for all r 1, 2, . . . , 2n 2 if and only if yM is equal to
the zero row vector of length 2n 2. Since char F 0, the elements
1, 2, . . . , 2n 2 of F are distinct, and hence the Vandermonde matrix M
is nonsingular. Thus
C is valid for all r 1, 2, . . . , 2n 2 if and only if y 0.Ž .
Ž . Ž .If  is an automorphism of L, then A , and hence C , are valid for all
Ž . Ž .r. Therefore y 0, which yields 2.2a . Conversely, if 2.2a holds, then
Ž . Ž .y 0; hence C and A are valid for all r, in particular for r 1, which
says that  is an automorphism of L.
Ž . nNow assume that p 0. Take u,   L. By 2.3 ,   0. Hence
i ki u ,    0 whenever k	 2n 1 and 0 i k .Ž . Ž .
Ž .By 2.1 , n p. Therefore, possibly by adding fractions with zero numera-
Ž .tor and nonzero denominator, we may rewrite B as
k k i kip1 p1 k r  u ,   u ,  Ž . Ž .
k rÝ Ý Ýk! i! k 1 !Ž .k0 k0 i0
i ki2 p2 p1  u ,  Ž . Ž .
k
 r . DŽ .Ý Ý i! k i !Ž .kp ik
1p
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Again, the terms for k 0 on both sides agree and can be deleted.
However, we cannot proceed as in the previous case since
r k  r k
p1 for all positive integers r and k 2.4Ž .
Ž p.because r r , where r is interpreted as an element of the field F.
For k 1, 2, . . . , p 1, let
i ki i k
p1ip1k  u ,    u ,  Ž . Ž . Ž . Ž .
w  
 .Ý Ýk i! k i ! i! k
 p 1 i !Ž . Ž .i0 ik
Ž . Ž . Ž .By 2.4 , D with the terms for k 0 deleted is equivalent to
p1 k   u , 
kr  w  0. EŽ .Ý k½ 5k!k1
Ž . iBy using the Vandermonde matrix M m over F given by m  j fori j i j
Ž .i, j 1, 2, . . . , p 1, and arguing as before, we see that E is valid for
k r 1, 2, . . . , p 1 if and only if  u,  k! w  0 for k 1, 2, . . . ,k
Ž .p 1, and thus if and only if 2.2b is valid. Now the argument for the case
Ž .when p 0 shows that 2.2b is valid if and only if  is an automorphism
of L.
3. SOME ELEMENTARY CALCULATIONS AND APPLICATIONS
Here, we obtain some well-known calculations on integers that will allow
us to simplify Proposition 2.1 somewhat in the case of prime characteristic.
In this section, let p be a prime and let F be the finite field  of order p.p
LEMMA 3.1. Suppose i is an integer and 0 i p 1. Then
p 1 i i
1
 1 and i! p 1 i ! 1 mod p .Ž . Ž . Ž . Ž .ž /i
 Proof. Consider the polynomial ring A F x in one indeterminate x
over F. Calculating in A, we have
x p  1 x 1 x p1 
 x p2 
 
x
 1Ž . Ž .
and
p1
p 1p1 ip p1ix  1 x 1 x 1  x 1 x 1 .Ž . Ž . Ž . Ž .Ý ž /ii0
LARGE ABELIAN SUBGROUPS 741
By unique factorization in A,
p 1 i1  1 for each i ,Ž .ž /i
so that
p 1 !Ž .p 1i1   .Ž . ž /i i! p 1 i !Ž .
Ž .By Wilson’s theorem, p 1 !1.
Ž .LEMMA 3.2. Suppose 0 r p 1. Then mod p ,
1 if r 0 or r p 1;ri Ý ½ 0 otherwise.1ip1
Ž .Proof. If r 0 or r p 1, each summand is congruent to 1 mod p ,
and the result is clear.
Now assume 0 r p 1. We calculate in F. Since the multiplicative
 
 4group F  F 0 is cyclic, there exists k 1, 2, . . . , or p 1 such that
k r  1. Let
s i r .Ý
iF
Then
rr r rk s ki  j  s and k  1 s 0.Ž . Ž .Ý Ý
 iF jF
Therefore, s 0.
Lemma 3.1 has an obvious application:
Ž .PROPOSITION 3.3. In Proposition 2.1, condition 2.2b can be rewritten as
Ž .follows: if p 0 for k 1, 2, . . . , p 1,
k
kk i ki  u ,    u ,  Ž . Ž .Ý ž /i
i0
p1
ik
1 ii p1
ki
 1  u ,   . 3.1Ž . Ž . Ž . Ž .Ý ž /k
ik
LEMMA 3.4. Assume L is a Lie algebra oer a field of characteristic p, 
1 Ž .is an automorphism of L of order p, and  Log  . Let q p 1 .2
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Take x, y L, and let
q1
i i p2iy  1  y ,  y .Ž . Ž . Ž .Ý
i0
Then,
Ž . p1  i p1Ž .a Ý y   y ,i0
Ž . Ž .  p1Ž .b  y  y,  y ,
Ž . Ž p1Ž . i iŽ . p1iŽ ..c  Ý 1  x ,  y  0, andi0
Ž .  p1Ž . p1Ž .d if  L ,  L  0, then
p1
ip1 i p1i  x , y  1  x ,  y .Ž . Ž . Ž .Ž . Ý
i0
Remark. We note that  must exist because
pp0   1  1 .Ž .
Proof. Recall that  Exp  . Therefore, for i 1, 2, . . . , p 1,
p1
i i r ry   y  Exp i y  i  y r ! 3.2Ž . Ž . Ž . Ž . Ž .Ý
r0
Hence,
p1 p1 p1 r ri  yŽ .iy Ý Ý Ý r !i1 i1 r0
p1 r p1 p1 y  yŽ . Ž .
r i y by Lemma 3.2.Ý Ýr ! p 1 !Ž .r0 i1
p1Ž .  0 Ž .By Wilson’s theorem, this is y
  y . As y y , we obtain a .
Ž .Take j 0, 1, . . . , or q 1. By Proposition 3.3 for k 1 ,
j p2j j p1j  y ,  y   y ,  yŽ . Ž . Ž . Ž .
j
1 p2j
  y ,  y 
 w , 3.3Ž . Ž . Ž .j
 i
 jŽ .where w is a linear combination of terms that have the form  y ,j
p i
p2jŽ .  rŽ . sŽ . y , and thus have the form  y ,  y , where r
 s 2 p
Ž . p  p1Ž . p1Ž . 2 2 p 1 . Since   0 and  y ,  y  0, each of these
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Ž .terms is 0, and w  0. Applying 3.3 for all j, we obtainj
q
1
i i p2i y  1   y ,  yŽ . Ž . Ž . Ž .Ý
i0
q1
i i p1i i
1 p2i 1  y ,  y 
  y ,  yŽ . Ž . Ž . Ž . Ž .Ž .Ý
i0
q10 p1 q p1q  y ,  y 
 1  y ,  yŽ . Ž . Ž . Ž . Ž .
p1 y ,  y since q p 1 q.Ž .
Ž .This yields b .
By Proposition 3.3,
p1 p1 p1  x , y   x ,  yŽ . Ž .
p1
p 1 i p1i
  x ,  y .Ž . Ž .Ý ž /ii0
p 1 iŽ . Ž . Ž . Ž .By Lemma 3.1,  1 mod p for each i. This proves d . More-i
over, since  p  0, Proposition 3.3 gives
p1 p1  x ,  y  0,Ž . Ž .Ž .
Ž .and c follows.
4. A GENERAL CONSTRUCTION
In this section, we give a general construction for examples of p-groups
and criteria for these groups to have exponent p.
LEMMA 4.1. Suppose L is a nilpotent Lie algebra of nilpotence class at
most 2 oer a field of characteristic other than 2. For each x, y L, define a
product xy by
1  xy x
 y
 x , y .2
Ž .a Under this operation, L is a group.
Ž .b For x , x , . . . , x  L, the group product x x  x is gien by1 2 n 1 2 n
n n
1 1   x x  x  x 
 x , x  x 
 x , x .Ý Ý Ý Ý1 2 n i i j i i j2 2
i1 1ijn i1 1ijn
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Ž . ŽProof. a This is an easy calculation and is a special case of the
 .BakerCampbellHausdorff formula, J. pp. 170174 .
HYPOTHESIS 4.2. Suppose p is an odd prime, L is a Lie algebra oer  ofp
nilpotence class at most 2,  is an automorphism of L of order 1 or p, and
1 Ž . Log  . Let q p 1 .2
For each x L, let
i j Q x  x , x andŽ . Ý
0ijp1
q1
i i p2iQ x  1  x ,  x .Ž . Ž . Ž . Ž .Ý
i0
For each x, y L, let
p2
i i p2iB x , y  1  x ,  yŽ . Ž . Ž . Ž .Ý
i0
and
p1
i i p1iB x , y  1  x ,  y .Ž . Ž . Ž . Ž .Ý
i0
For L regarded as a group as in Lemma 4.1, P denotes the semi-direct
² :product of L by  .
PROPOSITION 4.3. Assume Hypothesis 4.2. Then P has exponent p if and
only if , for eery x L,
 p1 x Q x  0. 4.1Ž . Ž . Ž .
Proof. A typical element y in P has the form y  i x, where 0 i
p 1 and x L. If i 0, then y x. It is easy to see from Lemma 4.1
that the group product x p is equal to the Lie algebra element px, which is
0 because L is an algebra over a field of characteristic p. Moreover, if
1 i p 1, then y is a power of some element  x, where x L.
Ž . pThus, P has exponent p if and only if  x  1 for every x L.
Take x L. Then
p p 1p p1 2p p2 1 x   x x   x   x  x   x xŽ . Ž . Ž . Ž .
 x p1x p2  x x .
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Ž .By Lemmas 4.1 and 3.4 a ,
p
p i p i p jp 1   x  x 
 x , xŽ . Ý Ý2
i1 1ijp
p1
k p j p i1   x  x , xÝ Ý2
k0 1ijp
k l1p1    x  x , xŽ . Ý2
0klp1
1p1  x  Q x .Ž . Ž .2
p1Ž . Ž .This calculation shows that if  x Q x  0 for every x in L,
then P has exponent p. Conversely, assume P has exponent p. Take any
x L. Then
1p1 x  Q x  0.Ž . Ž .2
Since x L, we have similarly
1 1p1 p10  x  Q x  x  Q x .Ž . Ž . Ž . Ž .2 2
p1Ž . Ž .Therefore,  x Q x  0.
Ž .Because of Proposition 4.3, we need to show that Q x  0 for all x in
L in our later examples. However, this appears to be very difficult.
Ž .Therefore, we calculate Q x for the ‘‘relatively free’’ case in the next
result and take homomorphic images afterward. This allows us to obtain
 Ž . Ž .the simpler conditions Q x  0 in Theorem 4.5 and B x, y  0 in
Theorem 4.7.
Ž .PROPOSITION 4.4. Let p be an odd prime and let L p be the Lie algebra
oer  defined by generators x , i  , and relationsp i p
 x , y , z  0 for all x , y , z L p .Ž .
1 Ž . Ž .  Ž . Ž .Let q p 1 and L p  L p , L p .2
Then
Ž . Ž .a L p has a basis gien by
 x , x , x , i , j  and j i 1, 2, . . . , or q ;i i j p
Ž . Ž .b there exists a unique automorphism  of L p such that
x  x for each i ;i i
1
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Ž . Ž .c for  as in b ,  has order p and Hypothesis 4.2 is satisfied with
Ž .L L p .
Let
i1p1  1Ž .i1
 Log  and  1Ž .Ý ii1
Ž Ž . i1 .where we let  1 be 1 for i 1 . Then
Ž . 
 Ž .  4 p1Ž Ž ..d x L p  x  x   L p ;
Ž . p Ž . Ž .e   1 and   1   1   ; and
Ž . Ž .f there exists z  L p such that0
Q x   p1 z  2 Q x .Ž . Ž . Ž .Ž .0 0 0
Proof. Let F  .p
Ž .a Whenever i, j F and i j, one and only one of i j and j i

 4 Ž .lies in the set 1, 2, . . . , q . Now a is obvious.
Ž . Ž .b By the ‘‘relatively free’’ definition of L p , there exists a unique
Ž . endomorphism  of L p determined by x  x , for all i. Clearly,  isi i
1
Ž .surjective, hence an automorphism of L p .
Ž . pc Obviously,  fixes x , x , . . . , x , and hence every element of0 1 p1
Ž . Ž .L p . So  has order p, and Hypothesis 4.2 is satisfied for L L p and
for  and q.
Ž . Ž .d Let y L p . By Lemma 3.4,
p1
ip1  p1 y  y so that  fixes  y .Ž . Ž .Ý
i0
Ž . Conversely, suppose x L p and x  x. Let K be the subset

 4 Ž . Ž .1, 2, . . . , q of F. By a , there exist scalars a in F i F, k K suchi, i
k
that
 x a x , x .Ý Ý i , i
k i i
k
kK iF
Now,
  x x  a x , xÝ i , i
k i i
k
k , i
  a x , xÝ i , i
k i
1 i
1
k
k , i
  a x , x .Ý Ý i1, i1
k i i
k
kK iF
LARGE ABELIAN SUBGROUPS 747
Hence,
a  a for every i F and k K .i , i
k i1, i1
k
Thus, for every k K ,
a  a    a ,0, k 1, 1
k p1, p1
k
and
 i   x a x , x  a x , x .Ý Ý Ý Ý0, k i i
k 0, k 0 k
kK iF kK iF
By Lemma 3.4,
p1   p1  x a  x , x   a x , x .Ž .Ý Ý0, k 0 k 0, k 0 kž /
kK kK
Ž . Ž . p p Ž .e Since  1    1 0 and  1
  1 	 for some
polynomial 	 in  ,
p pp p  1
  1 	  1
  1 	  1.Ž . Ž .Ž .
Ž . Ž .Obviously,   1   1  Log   .
Ž .f Let x x . Recall that0
i j Q x  x , x andŽ . Ý
0ijp1
q1
i i p2iQ x  1  x ,  x .Ž . Ž . Ž . Ž .Ý
i0
Therefore,
i
1 j
1  Q x  x , xŽ . Ý
0ijp1
i j  x , xÝ
1ijp
i p 0 j   Q x 
 x , x  x , xŽ . Ý Ý
1ip 0jp1
i j Q x 
 x , x  x , xŽ . Ý Ý
1ip 0jp1
jQ x  2 x , x .Ž . Ý
0jp1
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By Lemma 3.4,
j  p1 p1x   x and x ,  x   Q x .Ž . Ž . Ž .Ž .Ý
0jp1
Hence,
 p1Q x Q x 2 x ,  x 2 Q x .Ž . Ž . Ž . Ž .Ž .
Ž . Ž .By e ,   1 . Thus,
  1 Q x Q x Q x 2  1  Q xŽ . Ž . Ž . Ž . Ž . Ž .Ž .
and
 1 Q x 
 2 Q x  0.Ž . Ž . Ž .Ž .Ž .
Ž . Ž .By d , there exists z in L p such that0
Q x 
 2 Q x   p1 z .Ž . Ž . Ž .Ž . 0
Ž .This completes the proof of f and of the proposition.
THEOREM 4.5. Assume Hypothesis 4.2. Then P has exponent p if and
only if
 p1  0 and Q x  0 for eery x in L. 4.2Ž . Ž .
p1 Ž .Proof. First, assume that   0. Clearly, 4.2 is violated. By Propo-
sition 4.3, P does not have exponent p, as claimed.
Henceforth, assume
 p1  0. 4.3Ž .
By Proposition 4.3,
P has exponent p if and only if Q x  0 for every x in L.Ž .
Thus, it is sufficient to take an arbitrary element y of L and to show that
Q y  0 if and only if Q y  0. AŽ . Ž . Ž .
Now take some y in L, and let M be the Lie subalgebra of L generated
by y, y, . . . , y
p1
. Let   and   be the restrictions of  and  to M.
Ž . Ž .Take L p and x i  as in Proposition 4.4. Since L has nilpotencei p
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Ž .class at most 2, the ‘‘relatively free’’ definition of L p yields a unique Lie
Ž .algebra homomorphism 
 of L p onto M such that

 x  y i  y
 i
for each i in  .Ž .i p
 p1 Ž .Note that   0 by 4.3 .
Ž .Now, let us use the symbols  ,  , and  to denote mappings of L p as
in Proposition 4.4. Let
i1p1   1Ž .i1  1 .Ž .Ý ii1
It is easy to see that

  x    
 x and 
  x    
 xŽ . Ž . Ž . Ž .Ž . Ž . Ž . Ž .
for each x L p .Ž .
Moreover,   is invertible because   p  1.
 Ž .Define Q and Q on M and L p as in Hypothesis 4.2. Then
 i  j
 Q y Q 
 x  
 x ,
 xŽ . Ž . Ž . Ž .Ž . Ý0 0 0
0ijp1
i j  
 x ,
 xŽ . Ž .Ý 0 0
0ijp1
i j  
 x , x  
 Q x .Ž .Ž .Ý 0 0 0ž /
0ijp1
 Ž . Ž  Ž .. Ž .Similarly, Q y  
 Q x and, for z as in Proposition 4.4 f ,0 0
Q y  
 Q x  
  p1 z  2 Q xŽ . Ž . Ž . Ž .Ž . Ž .Ž .0 0 0
   p1 
 z  2  Q y 2  Q y .Ž . Ž . Ž .Ž . Ž .Ž .0
 Ž .Since  is invertible, we obtain A .
LEMMA 4.6. Assume Hypothesis 4.2. Let x, y L. Then
Ž . Ž .  Ž .a B x, x  2Q x ,
Ž . Ž . Ž .b B y, x  B x, y ,
Ž . Ž . Ž . Ž . Ž .c B x
 y, x
 y  B x, x 
 2 B x, y 
 B y, y ,
Ž . Ž Ž ..  p1Ž .  p1Ž .d  B x, y  x,  y 
 y,  x ,
Ž .  Ž .  Ž . Ž  Ž ..e B y, x B x, y and  B x, y  0,
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Ž . p1 Ž Ž . . Ž Ž ..f if   0, then B  x , y  B x,  y  0,
Ž . p1 Ž .   Ž . Ž .g if   0 and x  L 
 L, L , then B x, y  B y, x  0,
and
Ž .  p1Ž . p1Ž . p1   Ž .h if  L ,  L  0, then  x, y  B x, y .
Proof. We first note that, for all u,   L and k 0, 1, . . . , p 2,
k k
1k p2k p2k k1  u ,    1   ,  uŽ . Ž . Ž . Ž . Ž . Ž .
p2k p2k k 1   ,  u . 4.4Ž . Ž . Ž . Ž .
k kŽ .For convenience, we write  u instead of  u for k and u as above.
Ž . Ž .a Since p 2 q q 1, 4.4 gives
p2 p2
k p2kk p2k p2k k   1  x ,  x  1  x ,  xŽ . Ž .Ý Ý
kq kq
q1
i i p2i  1  x ,  x .Ž .Ý
i0
Hence,
p2
k k p2k B x , x  1  x ,  xŽ . Ž .Ý
k0
q1
k k p2k  2 1  x ,  xŽ .Ý
k0
 2Q x .Ž .
Ž . Ž .b By 4.4 ,
p2
k k p2kB x , y  1  x ,  yŽ . Ž .Ý
k0
p2
p2k p2k k 1  y ,  xŽ .Ý
k0
p2
k i p2i 1  y ,  x  B y , x .Ž . Ž .Ý
i0
Ž . Ž .c Since B is bilinear, this follows from b .
Ž . Ž .d For u L, Lemma 3.4 b gives
  p1  Q u  u ,  u .Ž .Ž .
LARGE ABELIAN SUBGROUPS 751
Ž .Therefore, by a ,
 p1  B u , u  2 u ,  u .Ž .Ž .
Ž .Applying this for u x
 y, x, and y, and using c , we obtain
p1 p1 p1 2 x
 y ,  x
 y  2 x ,  x 
 2 B x , y 
 2 y ,  y ,Ž . Ž .Ž .
Ž .which yields d .
Ž . Ž . Ž  Ž ..e Apply Lemma 3.4 c to see that  B x, y  0. Since
p1i ip1i i i p1i1  x ,  y  1  y ,  xŽ . Ž .
for i 0, 1, . . . , p 1,
Ž .  Ž .  Ž .the argument proving b shows that B x, y B y, x .
Ž . p1f Assume   0. Then
p2 p1
k kk p1k k p1kB x ,  y  1  x ,  y  1  x ,  yŽ . Ž . Ž .Ý Ý
k0 k0
p1   x , y  0 by Lemma 3.4 d .Ž .Ž .
Ž . Ž .By b , B  y, x  0; interchange x and y.
Ž . p1  	  	g Assume   0. Let x  x 
 x , where x  L and x 
  	L, L . Then x lies in the center of L. Hence,
p1
k	 	k p2kB x , y  1  x ,  y  0.Ž . Ž .Ý
k0
Ž . Ž  . Ž . Ž . Ž .By f , B  x , y  0. Therefore, B x, y  0. By b , B y, x  0.
Ž . Ž .h Apply Lemma 3.4 d .
THEOREM 4.7. Assume Hypothesis 4.2. Let
 L   L 
 L, L and m dim LL .Ž .1  1p
Take z , . . . , z in L such that1 m
z 
 L , . . . , z 
 L is a basis of LL .1 1 m 1 1
Then P has exponent p if and only if
Ž . p1a   0, and
Ž . Ž .b B z , z  0 wheneer 1 i jm.i j
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Ž .Proof. From Lemma 4.6 c ,
B x
 y , x
 y  B x , x 
 2 B x , y 
 B y , y for all x , y L.Ž . Ž . Ž . Ž .
4.5Ž .
Ž .Assume first that P has exponent p. By Theorem 4.5 and Lemma 4.6 a ,
 p1  0 and B z , z Q z  0 for all z L.Ž . Ž .
Ž . Ž . Ž . Ž .Hence, by 4.5 , B x, y  0 for all x, y in L, and we obtain a and b .
Ž . Ž .Conversely, assume a and b . Take any z in L and let
m
z z 
 a z for z  L and a , . . . , a   .Ý0 i i 0 1 1 m p
i1
 Ž . Ž .Let z  z z . By 4.5 and Lemma 4.6 g ,0
B z , z  B z , z 
 2 B z , z 
 B z , z  B z , z .Ž . Ž . Ž . Ž . Ž .0 0 0
Since B is bilinear and symmetric,
B z , z  B a z , a z  a a B z , zŽ . Ž .Ý Ý Ýi i j j i j i jž /
i j i , j
 a2B z , z 
 2 a a B z , z  0 by b .Ž . Ž . Ž .Ý Ýi i i i j i j
i 1ijm
Ž .  Ž .Thus, 0 B z, z Q z , for all z in L. By Theorem 4.5, P has
exponent p.
5. A CONSTRUCTION FOR EXPONENT p
Here, we construct a particular type of group of exponent p that we will
use for examples.
THEOREM 5.1. Suppose p is a prime number, n is a natural number, and
Ž .L n, p is the Lie algebra oer  defined by generators x , x , . . . , x andp 0 1 n
relations
 x , y , z  0 for all x , y , z , in L n , p .Ž .
² :Let  be a linear transformation of the ector space x , x , . . . , x such that0 1 n
 p  0.
Ž .Then there exists a unique automorphism  of L n, p such that
 p  1 and Log  x   x ,Ž . Ž . Ž .
² :for all x in the ector space x , x , . . . , x .0 1 n
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Proof. Let
² :L L n , p , V x , x , . . . , x , andŽ . 0 1 n
p1 k
 Exp  .Ý k!k0
Since  p  0,  p  1. Therefore,  is an invertible linear transformation
Ž .of V. By the ‘‘relatively free’’ definition of L n, p ,  extends to an
Ž . Žautomorphism  of L n, p by the same reasoning as in the proof of
Ž .. pŽ .Proposition 4.4 b . Since x , x , . . . , x generate L and  x  x for0 1 n i i
each i,  p  1. For x V,
Log  x  Log  x  Log Exp  x   x .Ž . Ž . Ž . Ž . Ž . Ž . Ž .
COROLLARY 5.2. Assume the hypothesis and notation of Theorem 5.1,
Ž .and suppose p is odd. Let  Log  and M L n, p , and choose a
 subspace W of M, M . Take m and z , . . . , z as in Theorem 4.7. Assume1 1 m
that
Ž . Ž .a  W W and1 1
Ž . p1Ž .b  x  0, for each i 0, 1, . . . , n.i
 Let W be the subspace of M, M spanned by W and all elements of the1
form
B z , z 1 i jmŽ . Ž .i j
and
B x , x 0 i j n .Ž . Ž .i j
Regard M as a group by Lemma 4.1, and let Q be the semi-direct product of
² :M by  . Then WQ, and QW is a group of exponent p.
Proof. Observe that Hypothesis 4.2 is satisfied with M in place of L.
Define the functions Q, Q , B, and B as in Hypothesis 4.2. Since
  Ž .W M, M  Z M ,
W is normalized by M . 5.1Ž .
Ž .By b ,
p1 p1 p1  M   M , M  Z M and M ,  M  0.Ž . Ž . Ž .Ž .
5.2Ž .
GEORGE GLAUBERMAN754
Ž .By Lemma 4.6 d , for all x, y,
p1 p1 B x , y  x ,  y 
 y ,  x  0,Ž . Ž . Ž .Ž .
Ž  Ž .. Ž . Ž .and  B x, y  0. Therefore, by a ,  W W. Since  Exp  , 
Ž .normalizes W. Then WQ, by 5.1 .
Let LMW and let u  x 
W, for i 0, 1, . . . , n. We can regardi i
 as an automorphism of L,  as a mapping on L, and QW as the
² :semi-direct product of L by  . Then Hypothesis 4.2 is satisfied and
B u , u  B x , x 
W 0 for all 0 i j n. 5.3Ž . Ž . Ž .i j i j
From the hypothesis of Theorem 5.1, L is spanned as a vector space by
  u , u , . . . , u and L, L . From the definition of B in Hypothesis 4.2,0 1 n
 Ž .  Ž .  B x, y  B y, x  0 whenever x L, L and y L. Therefore, as
 Ž . Ž .B x, y is an alternating bilinear function of x and y, 5.3 yields
B x , y  0 for all x , y in L.Ž .
Ž . p1Ž . Ž .  p1Ž . p1Ž .By 5.2 ,  L  Z L . Hence,  L ,  L  0. For all x, y
Ž .in L, Lemma 4.6 h yields
p1    x , y  B x , y  0.Ž .Ž .
Ž . p1Ž .Therefore, by 5.2 ,  L  0.
Ž .By using an argument for the function B x, y similar to our argument
 Ž .for B x, y above, and applying Theorem 4.7, we see that QW has
exponent p.
6. THE FIRST EXAMPLE
We regard Corollary 5.2 as a basis for constructing examples of groups
Ž .P of exponent p in which no normal subgroup has rank r P . In this
section, we give one example for each prime p such that p	 11. In the
next section, we give an example for each prime larger than 3.
1 Ž .EXAMPLE 6.1. Assume p	 11. Let r p
 7 . Note that2
9 r p 2. 6.1Ž .
Ž . Ž .   Take L r, p as in Theorem 5.1 and let M L r, p , M  M, M , and
x  0 for i r
 1, r
 2, . . . . 6.2Ž .i
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² :Define a linear transformation  on the vector space x , x , . . . , x by0 1 r
 x  x , 6.3Ž . Ž .i i
1
Ž . Ž .for each i 0, 1, . . . , r. By 6.2 , Eq. 6.3 is actually valid for all i	 0, and
r
1 Ž .  0. By 6.1 , p 1	 r
 1 and hence
0  p1   p . 6.4Ž .
By Theorem 5.1, there exists a unique automorphism  of M such that
p ² :  1 and Log  x   x for every x in x , x , . . . , x .Ž . Ž . Ž . 0 1 r
As usual, let  Log  . Observe that Hypothesis 4.2 is satisfied with M
in place of L, and that
 ² :  M 
M  x , . . . , x 
M ,Ž . 1 r
which has codimension 1 in M. Therefore
the hypothesis of Theorem 4.7 is satisfied with m 1 and z  x . 6.5Ž .1 0
Now take W to be the subspace of M  spanned by1
i   i   i   x , x ,  x , x ,  x , x , for i 0, 1, . . . , p 1.Ž . Ž . Ž .0 2 0 3 2 3
Ž . p1Ž . p1Ž . p Ž .By 6.4 ,  x   x  0 for i 0, 1, . . . , r. Since   0,  Wi i 1
Ž .W . Let z  x , as in 6.5 . Observe that the hypothesis of Corollary 5.21 1 0
is satisfied. Therefore, taking W and Q as in the corollary, we have
W is spanned by W , B x , x , and B x , x , for 0 i j r , 6.6Ž . Ž . Ž .1 0 0 i j
and
WQ and QW is a group of exponent p.
PROPOSITION 6.2. The group QW has no normal abelian subgroup of
Ž .rank r QW .
Remark. We have designed W so that the cosets of x , x , and x0 2 3
modulo W commute with each other. The simpler requirement that the
cosets of x , x , and x commute with each other does not yield an0 1 2
example for Proposition 6.2.
k kŽ .Proof. For convenience, we will usually write  x for  x . By the
Ž .  Ž .definition of B x, y and B x, y in Hypothesis 4.2,
p2 p1
k kk p2k  B x , x  1  x ,  x  1 x , xŽ . Ž . Ž .Ý Ý0 0 0 0 k p2k
k0 k0
6.7Ž .
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and
p1
k k p1kB x , x  1  x ,  xŽ . Ž .Ýi j i j
k0
p1
k   1 x , x 0 i j r . 6.8Ž . Ž . Ž .Ý i
k j
p1k
k0
Now we define a grading of M . Since M is the ‘‘relatively free’’ Lie
Ž .  algebra L r, p , the commutators x , x for 0 i j r form a basis ofi j
 Ž     . M . Of course, x , x  x , x for i j. For each k 0, let M bei j j i k
  the subspace of M spanned by the commutators x , x for which i
 ji j
 Ž .k. We say that a non-zero element of M has degree k. Thus, from 6.7k
Ž .and 6.8 ,
B x , x has degree p 2 and, for 0 i j r ,Ž .0 0
6.9Ž .
B x , x has degree p 1
 i
 j.Ž .i j
Ž . Ž .By 6.1 and 6.2 ,
2 r1
 M  M .Ý k
k1
Let u be the coset x W for i 0, 1, . . . , r, and leti i
  W , MMW , KM  M , M M W ,
QQW , and d dim K .
Then we may regard  as an automorphism of M, and Q as the semidirect
² :product of M by  . By our choice of W ,1
u , u , u and K generate an abelian subgroup A0 2 3 1
6.10Ž .
of M and Q of rank d
 3.Ž .
Let A be a normal abelian subgroup of Q of rank as large as possible.
Then
Q, A , A  1. 6.11Ž .Ž .Ž .
Ž . Ž .We will show that m A  d
 2 d
 3m A , which will prove the1
proposition.
Ž .By 6.1 , r	 9 2. Let N be the subspace of M spanned by
u , u , . . . , u and K. It is easy to see that NQ. Let 
 be the natural3 4 r 
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homomorphism of Q onto QN. Take any element x in QM. A short
calculation shows that
² :² : ² :
 M , 
 x  
 M , 
   
 u , uŽ . Ž . Ž . Ž . Ž .Ž . Ž . 1 2
and
² : ² : ² : ² :
 M , x , x  
 M , 
 x , 
 xŽ . Ž . Ž .Ž . Ž .Ž . Ž .
² : ² :² : 
 u , u , 
   
 u  1.Ž . Ž .Ž .Ž 1 2 2
Ž .Therefore by 6.11 , x A. Thus,
AM .
Hence AK is an abelian normal subgroup of Q. By the maximal choice
of A,
A AK and M  K AM . 6.12Ž .
 Ž . ² :Since KM  Z M , the subgroup u , K is abelian. It is alsor
Ž .normal in Q by 6.3 and the definition of Q. Therefore, by the choice
of A,

 
 ² : 
 
A 	 u , K  M .r
Ž .By 6.12 , A K. It is easy to see that
² :u , K K C   C MK  Z QK ,Ž . Ž . Ž .r QK QK

 Ž . 
whence Z QK  p. Since 1 AKQK ,

1 AK  Z QK .Ž . Ž .
² : ² :Therefore, AK	 u , K K , and A	 u , K . Similar arguments showr r
that:

 
 
 
 d
3 ² :If A 	 A  p , then A	 u , u , u , K .1 r2 r1 r
 To complete the proof, it suffices to show that u , u  1. This isr2 r
 equivalent to saying that x , x W. Thusr2 r
 it suffices to show that x , x W . 6.13Ž .r2 r
1 Ž .Recall that r p
 7 and that M has a grading giving2
p
62 r1
  M  M  M ,Ý Ýk k
k1 k1
 where the commutators x , x for 0 i j r and i
 j k form ai j
basis for M  . Letk
LM M 6 p
5
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and

  4L* M : 1 k p
 6 and k 6, p
 5 .k
Then M  L L. Since p
 5 2 r 2,
  x , x is a basis of M . 6.14Ž .r2 r p
5
Similarly,
      x , x , x , x , and x , x form a basis of M . 6.15Ž .0 6 1 5 2 4 6
Now we show that W has a spanning set in which each element lies in L
 Ž .or L . Recall from 6.6 that
W is spanned by W , B x , x , and B x , x , for 0 i j r .Ž . Ž .1 0 0 i j
6.16Ž .
Ž . Ž .   Ž .By 6.9 , B x , x has degree p 2 and hence lies in L , and B x , x0 0 i j
has degree i
 j
 p 1, for each i and j, and hence lies in L if
 Ž .i
 j 6, and in L otherwise. If i
 j 6, then by 6.8 ,
p1
k  B x , x  1 x , x .Ž . Ž .Ýi j i
k 2 r2ik
k0
 However, x , x  0 x  x   . Thus, all summands arer1 r1 r
1 r
2
zero except for those in which i
 k is r 2 or r. This gives
    B x , x  x , x 
 x , x  0.Ž . Ž .i j r2 r r r2
Ž .Summing up, we have, by 6.16 ,
W is spanned by W and elements of L . 6.17Ž .1
Ž . After 6.5 , we defined W to be the subspace of M spanned by1
k   k   k   x , x ,  x , x ,  x , x for k 0, 1, . . . , p 1. 6.18Ž .0 2 0 3 2 3
0   Now,  x , x  x , x , of degree 2. For each k 1, 2, . . . , p 1,0 2 0 2
Proposition 3.3 gives
k
kk i ki  x , x   x ,  x 
 aÝ0 2 0 2 kž /i
i0
k
k   x , x 
 a , 6.19Ž .Ý i 2
ki kž /i
i0
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 iwhere a is a linear combination of commutators of the form  x ,k 0
p1
ki    x , i.e., x , x . Thus, a has degree p
 1
 k and the2 i p
1
ki k
Ž .summations in 6.19 have degree k
 2. Since 1 k p 1, the only
case where terms with degree 6 or p
 5 appear is the case k 4. Hence,
k    x , x is in L if k 4 and in L otherwise.0 2
Ž . Similar calculations show that the other terms in 6.18 lie in L , except
3     for  x , x and  x , x , which lie in L. Let a a and y  x , x0 3 2 3 4 i i 6i
for i 0, 1, 2. Then a has degree p
 5 and each y has degree 6.i
Ž .By 6.19 ,
4
44     x , x  x , x 
 aÝ0 2 i 6iž /i
i0
    y 
 4 y 
 6 y 
 4 x , x 
 x , x 
 a0 1 2 3 3 4 2
 y 
 4 y 
 5 y 
 a.0 1 2
Here a has degree p
 5. Similarly, there exist elements b, c of degree
p
 5 such that
3
33    x , x  x , x 
 b y 
 3 y 
 3 y 
 bÝ0 3 i 6i 0 1 2ž /i
i0
and
1
1    x , x  x , x 
 c y 
 c.Ý2 3 2
i 4i 2ž /i
i0
Ž . Thus, by 6.17 , W is spanned by elements of L and the following
elements of L:
y 
 4 y 
 5 y 
 a,0 1 2
y 
 3 y 
 3 y 
 b ,0 1 2
y 
 c.2
Obviously, any non-zero linear combination of these three elements of L
has the form w
 w, where w has degree 6, w has degree p
 5, and
    w 0. In particular, w
 w  x , x . Therefore, x , x W. Byr2 r r2 r
Ž .6.13 , we are finished.
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7. THE SECOND EXAMPLE
In this section, we construct a second family of examples of groups P of
Ž .exponent p in which no normal abelian subgroup has rank r P . We apply
the methods of the previous section to a more complicated type of
example. Here, we may allow p to be any prime such that p	 5.
1 Ž .EXAMPLE 7.1. Assume p	 5. Let r p
 1 . Note that2
r p 2. 7.1Ž .
Ž .Ž .Choose an integer t such that t	 r, and let n t
 1 r
 1  1.
Ž .Define L n, p as in Theorem 5.1 and let
  M L n , p and M  M , M .Ž .
Then M has n
 1 generators x , which we relabel asi
x s , i 0, 1, . . . , r , s 0, 1, . . . , t .Ž .i
Ž .Let V be the subspace of M having as a basis the elements x s . Define ai
linear transformation  of V by
x s , if 0 i r 1,Ž .i
1 x s  7.2Ž . Ž .Ž .i ½ 0 if i r .
r
1 Ž .Then   0. By 7.1 ,
0  p1   p .
By Theorem 5.1, there exists a unique automorphism  of M such that
 p  1 and Log  x   x for all x in V .Ž . Ž . Ž .
As usual, let  Log  . Hypothesis 4.2 is satisfied with M in place of L,
and
 ²  : M 
M  x s , M  1 i r , 0 s t .Ž . Ž .i
Ž . Ž . Ž . Ž . Clearly, x 0 , x 1 , . . . , x t form a basis of a complement to  M 
M .0 0 0
Therefore, the hypothesis of Theorem 4.7 is satisfied with
m t
 1 and z  x j 1 for j 1, 2, . . . , t
 1. 7.3Ž . Ž .j 0
Moreover,
 p1 M   p1 V 
  p1 M Ž . Ž . Ž .
  p1 V 
  p1 M    p1 M  M  Z M . 7.4Ž . Ž . Ž . Ž . Ž .
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Now take W to be the subspace of M  spanned by1
k k x s , x s and  x 0 , x sŽ . Ž . Ž . Ž .0 0 1 0
for all k 0, 1, . . . , p 1 and 0 s s t . 7.5Ž .
p Ž . Ž . p1Ž Ž .. p1Ž Ž ..Since   0,  W W . By 7.4 ,  x s   x s  0 for all1 1 i i
Ž .i and all s. Therefore, with z , z , . . . , z as in 7.3 , the hypothesis of1 2 t
1
Corollary 5.2 is satisfied. Therefore, for W and Q as in the corollary, we
have
W is spanned by W and the elements1
 B x s , x s and B x s , x sŽ . Ž . Ž . Ž .Ž . Ž .0 0 i j
for 0 s, s t , and 0 i , j r such that i j if s s, 7.6Ž .
and
WQ and QW is a group of exponent p.
PROPOSITION 7.2. The group QW has no normal non-triial abelian
Ž .subgroup of rank r QW .
k kŽ .Proof. As in Section 6, we often write  x for  x . For convenience,
Ž .let x s  0 whenever i r and 0 s t.i
Ž .  Ž .By the definition of B x, y and B x, y in Hypothesis 4.2,
p2
k k p2kB x s , x s  1  x s ,  x sŽ . Ž . Ž . Ž . Ž .Ž . Ý0 0 0 0
k0
p2
k  1 x s , x s 7.7Ž . Ž . Ž . Ž .Ý k p2k
k0
and
p1
k  k p1kB x s , x s  1  x s ,  x sŽ . Ž . Ž . Ž . Ž .Ž . Ýi j i j
k0
p1
k  1 x s , x s . 7.8Ž . Ž . Ž . Ž .Ý i j
p1k
k0
Now we define a grading on M  somewhat similar to that of Proposition
6.2. For 0 s, s t and 0 i, j r such that i j if s s, define
x s , x s to have degree i
 j.Ž . Ž .i j
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  Ž .Define degrees and subspaces M of M as in Proposition 6.2. By 7.7 andk
Ž .7.8 ,
B x s , x s has degree p 2 andŽ . Ž .Ž .0 0
7.9Ž . B x s , x s has degree p 1
 i
 j for all s, s , i , j.Ž . Ž .Ž .i j
Moreover,
2 r1
 M  M .Ý k
k1
Ž . Ž .For each i, s, let u s be the coset x s W, and leti i
  W , MMW , M  M , M M W ,
QQW , and d dim M .
We may regard  as an automorphism of M and Q as the semi-direct
² : Ž .product of M by  . From 7.5 ,
 k  W is the subspace of M spanned by  x , y for all1
² :k 0, 1, . . . , p 1 and all x , y in x 0 , x 1 , . . . , x t , x 0 .Ž . Ž . Ž . Ž .0 0 0 1
7.10Ž .
Therefore,
u 0 , u 1 , . . . , u t , u 0 and M generate anŽ . Ž . Ž . Ž .0 0 0 1
abelian subgroup, or abelian Lie subalgebra, A 7.11Ž .
of M and Q of rank t
 2
 d.Ž .
Let A be an abelian normal subgroup of Q of order as large as possible.
Then
Q, A , A  1. 7.12Ž .Ž .Ž .
Ž .To prove the proposition, it suffices to show that m A  t
 1
 d
Ž  .m A , which we will do.
Let N be the subspace of M spanned by
M , u 0 , u 0 , . . . , u 0 , and u sŽ . Ž . Ž . Ž .4 5 r i
for i 0, 1, . . . , r and s 1, 2, . . . , t
Ž Ž . .if p 5, there are no elements u 0 in this spanning set . Theni
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Ž . Ž . Ž .u 0 , u 0 , u 0 form a basis of a complement of N in M. Arguing as in1 2 3
the corresponding part of the proof for Proposition 6.2, we see that
NQ, M  AM ,
and
 
C   u 0 , u 1 , . . . , u t , M M . 7.13² :Ž . Ž . Ž . Ž . Ž .MM r r r
² Ž . Ž . Ž . :Since u 0 , u 1 , . . . , u t , M has rank t
 1
 d, we may assume thatr r r
 Ž .AM is not contained in C  .MM
 Ž .Now take u in A such that uM lies outside C  . By replacing u,MM
Ž . ŽŽ . .if necessary, by u,  or u,  ,  , or some similar element, we may
assume that

u ,  M is a non-identity element of C  . 7.14Ž . Ž . Ž .MM
Ž .An easy variation of the proof of 7.13 shows that, in additive notation,
u u
 a u s 
 b u s ,Ž . Ž .Ý Ýs r1 s r
0st 0st
 for some u M and elements a , b in  such that a  0 for some s.s s p s
  Ž .Since M  A, we may assume that u  0. Let  Ýb u s . Thens r
u a u s 
 . 7.15Ž . Ž .Ý s r1
0st
We now claim that, by changing notation if necessary, we may assume
Ž  . that u u s 
 for some s  0 or 1. If a  0 for all s other thanr1 s
0, we may replace u by a1 u to establish the claim. Therefore, we0
Ž . Ž .temporarily assume that a  0 for some s 0. From 7.10 and 7.6 , wes
see that we can change notation to assume that a  0, and then replace u1
by a1 u to obtain a  1. We argue further to prove our claim.1 1
Recall the definitions of M, V,  , and  in Example 7.1. Define a linear
transformation  of V by
 a x s for all i 0, 1, . . . , r , if s  1,Ž .Ý s i
  0st x s Ž .Ž .i
 x s for all i 0, 1, . . . , r , if s  1.Ž .i
It is easy to see that  is invertible on V. Therefore, by the ‘‘relatively
Ž Ž ..free’’ definition of M i.e., L n, p ,  extends to a unique automorphism
Ž Ž ..of M by the same reasoning as in the proof of Proposition 4.4 b , which
we will also denote by  . As  commutes with  on V, it follows that 
commutes with  on V, and hence with  and  on M.
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Recall
W is spanned by W and the elements1
 B x s , x s and B x s , x s ,Ž . Ž . Ž . Ž .Ž . Ž .0 0 i j
for 0 s, s t and 0 i , j r such that i j if s s . 7.6Ž .
Ž .Since B x, y is a bilinear function of x and y, and  preserves the
² Ž . :subspace x s  0 s t ,  preserves the subspace of M spanned by0
the elements
B x s , x s , 0 s, s t .Ž . Ž .Ž .0 0
Ž .By 7.10 and similar arguments,  preserves W and W. Therefore, we1
Ž Ž .. Ž .may change notation by denoting each element  x s by x s . Ini i
particular, we have
u u 1 
 b u sŽ . Ž .Ýr1 s r
Ž .for some possibly different coefficients b . This completes the proof ofs
our claim.
Now,
u u s 
 b u s , where s 0 or 1. 7.16Ž . Ž . Ž .Ýr1 s r
0st
Ž .Since u A and AQ, we have u,   A. It is easy to see that
 u ,  , M  u s* , M  A. 7.17² : ² :Ž . Ž . Ž .r
1 Ž . 
 4Since r p
 1 , we have p 2 r 1. Take any s, s in 0, 1, . . . , t . By2
Ž .  Ž Ž . Ž  .. Ž Ž ..7.6 , W contains B x s , x s , which is equal by 7.8 to1 1
p1
k 1 x s , x s .Ž . Ž . Ž .Ý k
1 pk
k0
Ž . Ž .Since x s  x s  0 whenever i r, the only possible non-zero sum-i i
mands are those for which k
 1 r and p k r, that is, p r k
r  1, or r  1  k  r  1. This gives the single summand
Ž . r1 Ž . Ž .1 x s , x s , which must be in W. This shows thatr r
u s centralizes u s , for all s, s . 7.18Ž . Ž . Ž .r r
Now we scrutinize the components of degrees 1 and p in the generators
Ž . Ž . Ž Ž . Ž ..of W given in 7.6 . By 7.7 , the elements B x s , x s have degree0 0
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Ž .  Ž Ž . Ž ..p 2 and are irrelevant here. By 7.8 , the element B x s , x s hasi j
degree i
 j
 p 1, and thus is relevant only if i
 j 1; moreover,
p1
k B x s , x s  1 x s , x s .Ž . Ž . Ž . Ž . Ž .Ž . Ý0 1 k pk
k0
 Ž .Since B is a skew-symmetric function by Lemma 4.6 , we need consider
only the cases in which i 0 and j 1. Arguing as in the previous
paragraph, we see that
rr1  B x s , x s  1 x s , x s 
 1 x s , x sŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .0 1 r1 r r r1
r1   1 x s , x s 
 x s , x s .Ž . Ž . Ž . Ž . Ž .Ž .r1 r r1 r
7.19Ž .
Finally, we consider commutators of degrees 1 and p involved in the
Ž Ž ..generators of W given in 7.5 . For j 0 or 1 and k 1, 2, . . . , p 1,1
Proposition 2.1 gives
k
k k i ki x s , x s   x s ,  x sŽ . Ž . Ž . Ž .Ýj 0 j 0ž /i
i0
i p1
kip1  x s ,  x sŽ . Ž .j 0
 k! Ý i! p 1
 k i !Ž .ik
k
k  x s , x sŽ . Ž .Ý i
 j kiž /i
i0
p1 x s , x sŽ . Ž .i
 j p1
ki
 k! .Ý i! p 1
 k i !Ž .ik
Clearly, the degrees of these commutators are k
 j and k
 j
 p 1.
Ž .From 7.5 , we need only consider the elements of the form
 0 x s , x s ,  x 0 , x s  x 0 , x s , andŽ . Ž . Ž . Ž . Ž . Ž .Ž .0 0 1 0 1 0
p1 x 0 , x s .Ž . Ž .1 0
Ž .However, the last type is already covered by the elements in 7.19 ,
Ž .because 7.4 and Lemma 4.6 give
p1 p1 x 0 , x s  x s , x 0 B x s , x 0 .Ž . Ž . Ž . Ž . Ž . Ž .Ž .1 0 0 1 0 1
Ž  .  Ž . Ž  .Let us write y s, s for x s , x s . From the relatively free con-r1 r
 Ž . Ž . Ž . Ž  .struction of M, the elements x s , x s and y s, s 0 s, s  t form0 1
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a linearly independent subset of M . By the previous paragraph,
1
1  x s , x s  x s , x sŽ . Ž . Ž . Ž .Ý0 0 i 1iž /i
i0
p1 x s , x sŽ . Ž .i pi
 .Ý i! p i !Ž .i1
Ž .The proof of 7.19 shows that the second summand is equal to
   x s , x s x s , x s y s, s  y s , sŽ . Ž . Ž . Ž . Ž . Ž .r1 r r r1
  .
r 1 !r ! r ! r 1 ! r 1 !r !Ž . Ž . Ž .
Therefore,
   x s , x s  x s , x s 
 x s , x sŽ . Ž . Ž . Ž . Ž . Ž .0 0 0 1 1 0
y s, s  y s , sŽ . Ž .


r 1 !r !Ž .
  x s , x s  x s , x sŽ . Ž . Ž . Ž .0 1 0 1
y s, s  y s , sŽ . Ž .

 .
r 1 !r !Ž .
Clearly, for generating W, we need only consider these elements for s s.
Let us recapitulate: The generators of W involving commutators of
degree 1 or p form a subspace of M  spanned by
y s, s 
 y s , s for all s, s from 7.19 ,Ž . Ž . Ž .Ž
x 0 , x s for all s,Ž . Ž .1 0
and
y s, s  y s , sŽ . Ž .
  x s , x s  x s , x s 
 for all s s .Ž . Ž . Ž . Ž .0 1 0 1 r 1 !r !Ž .
In particular, it is easy to show that
 ²    :WM  y s, s 
 y s , s  0 s s  t . 7.20Ž . Ž . Ž .p
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Now we take any element  in A such that M is centralized by . Let
Ž .us use additive notation for M. By 7.13 ,
  
 c u s ,Ž .Ý s r
0st
  Ž .for some  M and c , . . . , c   . Take u in A as in 7.16 . Then0 t p
u u s 
 b u s ,Ž . Ž .Ýr1 s r
0st
where s 0 or 1 and b   for each s.s p
   Ž . Ž . Ž .Since M  Z M , u centralizes   . By 7.18 , u s centralizes  r
 Ž .for every s . Hence, u s centralizes   . Since MMW, Wr1
contains
x s , c x s ,Ž . Ž .Ýr1 s r
0st
which equals
c y s , s .Ž .Ý s
0st
Ž .   Ž  .Therefore, by 7.20 , c  0 for all s other than s , and   
 c u s .s s r
As  is an arbitrary element of A for which  centralizes M ,
  
AM  C   u s , M M . 7.21² :Ž . Ž . Ž .MM r
Now let us regard AM as a vector space over  , and let 	 be thep
 Žlinear transformation of AM induced by the automorphism  or
.conjugation by  on M. Since V is a complement to M in M, and
  r
1WM , we may identify AM with a subspace of V. As   0 on V
Ž Ž .. r
1Ž . Ž .after 7.2 ,  V  0. From 2.2 ,
r i
 Exp Log   Exp  .Ž . Ý i!i0
Ž . r
1 Ž . r
1Therefore,  1 is 0 on V, whence 	 1  0.
By linear algebra, AM is a direct sum of subspaces A , . . . , A such1 q
that, for each i 1, . . . , q, dim A r
 1, and there exists a basis of Ai
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for which the matrix of 	 on A is a Jordan blocki
1 1
1 1
 
, 
  01 1
1
of degree equal to dim A . In particular,i
dim C   dim C 	  1 for each i .Ž . Ž .A Ai i
Ž .However, by 7.21 ,
dim   1.Ž .CAM
Therefore, there is only one subspace A . Hence,i
 AM  A and dim AM  dim A  r
 1.1 1
So
 m A  dim AM 
 dim M  r
 1
 d.Ž .
Ž .In Example 7.1, we chose t such that t	 r. Thus, m A  t
 1
 d. As
Ž .mentioned after 7.12 , this completes the proof.
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